WHAT IS A SYSTEM OF PARAMETERS? 



LOUIZA FOULI AND CRAIG HUNEKE 

Abstract. In this paper we discuss various refinements and generalizations of a tlieorem of Sankar 
Dutta and Paul Roberts. Their theorem gives a criterion for d elements in a d-dimensional Noetherian 
Cohen-Macaulay local ring to be a system of parameters, i.e., to have height d. We chiefly remove 
the assumption that the ring be Cohen-Macaulay and discuss similar theorems. 



1. Introduction 

One of the fundamental concepts in commutative algebra is that of height. Let (/?,m) be a 
Noetherian local ring of dimension d. Every ideal / of /? is generated by d elements up to rad- 
ical. The question of determining the height of ideals in general is then the same as that of de- 
termining the height of an ideal generated by d elements. An interesting paper of Sankar Dutta 
and Paul Roberts [1] gives a criterion for d elements in a Cohen-Macaulay local ring to be a 
system of parameters, i.e., to have maximal height. We recall their theorem: let {R,m) be a d- 
dimensional Cohen-Macaulay local ring, and let xi, . . . ,Xdhe a system of parameters. Suppose that 

(ji , . . . ,yd) C (xi , . . . ,Xd). Write yi = Y^^ij^j (since this notation occurs throughout this paper, we 

j 

abbreviate it by writing {y) C (x)), and let detA be the determinant of the matrix whose coefficients 
are the a;y. Since detA • (xi , . . . ,xj) C (ji , • • • ,yd), multiplication by detA induces a well-defined 
map from /?/(xi , . . . ,Xrf) to , . . . ,yd). The theorem of Dutta and Roberts states that this map is 
injective if and only if , . . . , form a system of parameters, i.e., if and only if the ideal (ji , . . . ,yd) 
has height d. The fact that the map is injective if both ji , . . . , and xi , . . . ,x^/ are regular sequences 
was well-known; it is the converse that was new. 

In the 1970s, Hochster introduced the problem of understanding what constraints parameters in a 
Noetherian local ring must satisfy. This means understanding what equations cannot be satisfied by 
a system of parameters in a Noetherian local ring. The most famous such constraint is the monomial 
conjecture of Hochster. The theorem of Dutta and Roberts can be thought of as giving the opposite: 
it gives a relation which can only be satisfied by parameters. However, the Dutta-Roberts result 
leads to many interesting questions, some of which turn out to be closely related, in various guises, 
to the monomial conjecture. We will mention some of these questions in the last section. A first and 
obvious question is whether or not the same result holds without the Cohen-Macaulay assumption. 
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We have been able to answer this for 1 -dimensional rings (Theorem 14. 1 1 and Example 14.31) . Even 
this case is not trivial. We have no counterexample in higher dimension. 

Perhaps an even more basic question is whether or not the assumption of the theorem is in- 
dependent of the matrix of coefficients chosen. For example, a famous special case of the theo- 
rem is the case in which /? is a polynomial ring, k[xi,..,Xd] over a field of characteristic 0, and 

y\,...,yd are homogeneous of degree n\,...,nd respectively. In this case Euler's formula gives that 
1 dyi 

yi = — 2^ rr — Xj, and letting A be the determinant of this particular matrix of coefficients, one 

has that A ^ (yi,...,yd) if and only if the height of (ji , . . . is <i 1 8 ]. In the language above, 
the map from R/{xi,... ,Xd) to R/{yi, . . . ,yd) is either injective or zero. Is this true for an arbitrary 
matrix of coefficients? Strooker fTll proved that independence is guaranteed if one changes the 
statement of the theorem to apply to the map induced by multiplication by the determinant from 
R/{x\,... to R/{yi,... ,3'^)'™ (part of the statement is that this is a well-defined homomor- 

phism). Here R/{xi,... (respectively R/{yi,... jjd)'™) denotes the image of /?/(xi , . . . 

(respectively R/{yi,... ,yd)) under the identification of H^{R) with the direct limit of /?/(x" , . . . ,x'^) 
(respectively the image of R/{yi,...,yd) in H^^^ yj)^^^ under the identification of this module 
with the direct limit of 7?/(y", . . . Thus the question of independence of the choice of ma- 

trix naturally leads to a consideration of other maps, and in particular brings into the picture local 
cohomology. 

We begin this paper by proving various maps are always injective if both the sequence x := 
xi,...,Xd and the sequence y = yi,...,yd form systems of parameters. Included in this list are the 
map above from to induced by multiplication by detA (this is now independent 

of the matrix of coefficients chosen), a natural map from H^^^{R) to H^y^{R), and in positive 
prime characteristic, the map from /?/ (x)* to R/{y)* induced by multiplication by detA, where the * 
refers to tight closure. One can also replace the tight closure by plus closure (they are the same for 
parameters by IfTOl . but are not necessarily the same for other ideals). 

We next ask whether the obvious generalization of the theorem of Dutta and Roberts holds in 
the cases listed in the paragraph above: if the maps are injective, must the y form a system of 
parameters? We are able to prove that there is a fixed power of m, independent of x and y, such 
that if all the Xi are in this fixed power, then the natural generalization of the theorem of Dutta and 
Roberts holds in the first two maps in the paragraph above (Corollary 15.41) . Moreover, if the ring 
is analytically irreducible, then we obtain a full generalization (Proposition 15.11) . This is mainly 
due to the vanishing theorem of Hartshome and Lichtenbaum, which can be thought of as giving a 
necessary and sufficient condition for d elements y in a complete local domain of dimension d to 
be a system of parameters, namely that (R) ^ 0. In the cases of tight closure and plus closure, 
we do not know whether injectivity on the maps forces the y to be a system of parameters. We have 
been unable to prove this or give a counterexample. 
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As we mentioned above, a full generalization of the Dutta-Roberts theorem escapes us at the 
moment. Note, however, that the well-known direction of their theorem is false in the non Cohen- 
Macaulay case, unlike for the other maps discussed above. In fact we prove that for all systems of 

A . det A 

parameters x and all (y) C (x) the induced map R/{x) — )• R/ (y) is injective if and only if the ring 
is Cohen-Macaulay. 

We do give the best possible answer for the limit closures. Our final result proves the following: 
Let {R,m) be a local ring of equicharacteristic or of dimension at most three. Set d = dim/?. There 
exists an integer £ with the following property: whenever x = xi,...,Xdisa- system of parameters 
with (x) C and y = yi,. . . ,yd a sequence of elements such that (y) C (x), then j is a system of 
parameters if and only if the map /?/(x)'™ is injective. We need R to be equicharac- 

teristic or of dimension at most three in order to apply the monomial conjecture, which is known to 
hold in these cases 131. We give an example to show that this result is not true without the parameters 
being "deep" enough inside the maximal ideal (Example 16. lb . 

2. Preliminaries and Basic Results 

Let x = xi,...,Xn be a sequence of elements in a Noetherian ring R. Let (x) denote the ideal 
generated by xi, . . . ,x„. We recall here that the limit closure of (x) is given by 

(x)^™ = 1^ (x\ , . . . jx'^) : ' • • -x^ ^ 

Before stating some of the conditions we will be studying, we need to recall some well-known 
definitions. 

Definition 2.1. Let 7? be a Noetherian local ring of positive characteristic p. An element x is in the 
tight closure of an ideal / if there exists an element c, not in any minimal prime of R, such that for 
all large q = , cx^ e where /l^l is the ideal generated by all for / G /. 

Definition 2.2. Let /? be a Noetherian domain. The absolute integral closure of R, denoted /?+, is 
the integral closure of /? in a fixed algebraic closure of the fraction field of R. 

Remark 2.3. Let (/?, m) be a Noetherian local ring of dimension d. Let x = xi , . . . ,Xrf be a system 

of parameters and \&iy = y\^. . . ,yd be a sequence of elements in R such that {y) C (x). Let A = {atj) 
~ d 

be a matrix such that yi = ^ a,yXy and let detA denote the determinant of A. We will use the 

7=1 

notation {y) C (x) to denote that A is a matrix of coefficients relating y to x. Consider the following 
statements, where in parts (3) and (4) we assume that R has positive characteristic p, and in case (4) 
that /? is a domain: 

(1) The map /?/(x)^™ R/iyf"" is injective. 

(2) The map Hf^^{R) — > H^yji^) is injective. 

(3) The map R/{x)* '^R/{y)* is injective. 
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(4) The map H^^^{R+) — > H^y){R^) is injective. 

(5) The map R/ {x) R/ (y) is injective. 

(6) J is a system of parameters. 

The maps on local cohomology are not yet defined, but will be defined in a way compatible with 
the maps on the lim closures. We wish to determine the relationship between these statements. 
In this section we will prove that the maps in parts (1) and (2) are injective if y is a system of 
parameters. In a later section we will prove that the maps in (3) and (4) are injective if j is a system 
of parameters. In contrast, the map in (5) does not necessarily have to be injective when (6) holds. 

The fact that the map in (1) is well-defined (and does not depend on the specific matrix A) was 
proved by Strooker in [11]. We will prove this as well as a by-product of the following lemma, 
which we need to define the map in (2). 

Lemma 2.4. Let R be a commutative ring with identity. Let (G,,A) and {F,,d) be complexes of 
R-modules. Let a : G, ^ F, be a map of complexes. Suppose that for all < j < i — I there exist 
maps 5j : Gj — t- F^+i such that CHj = dj^iBj + 5y_i Ay. We further assume that there exists a complex 
of free R-modules (G',,A') and a map of complexes P : G', — )• G, such that = 0. Then 

we may extend the homotopy to 6, : G- — )• i^+i for the map of complexes a o p : G', — )• F,. 

Proof. We have the following commutative diagram: 




First we begin by showing the there is a homotopy for the map of complexes a o p : G', — F, 
up to level / — 1. For < 7 < / — 1 define 5^- = 5^ o ^j. Then 5^- : G'y — Fj^i and o py = 
{dj^,5j + 5y_iA,.)P,. = a,.+i5yPy + 5y_i AyPy = dj^.b'j + 5y_iPy_iA;. = dj^,5'j + 5'j_,A'j. 

We now claim that Im(a; — 5,_iA;) C ker3,-. Indeed, 

3; (a,- - 5;_iA,) = diUi - 9i5,-_i A,- = a;_i A; - a;5,-_i A,- = a;5;_i A,- + 5,-_2A;_i A,- - 3,-5,-_i A,- = 0. 

Finally we show that Im(a;p,- — 8-_jA-) C Im(3,+i). To see this notice that Im(a;p,- — 5-_iA-) = 
Im(a,p,- - 8,_ip,_iA9 = Im(a,P, - 5,_iA,p,) c Im(a,- - 5;_iA,)/i(p,) c Im(3,+i), since we have 
h {^i)Hi{F,) = 0. Therefore we may hft to a map 5^ : G^ ^ such that a,p,- - 5;_iA; = 6;a,+i . □ 
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As an immediate corollary, we get the following effective result which explains how the different 
choices of matrics relate to the multiplication maps of the determinants of the matrices. 

Corollary 2.5. Let R be a commutative ring with identity, d = dim/? and let (ji , . . . ,yd) C (xi , . . . ^Xd). 

d d 

Suppose that there exist two matrices A = (aij) and B = (bij) such that ji = ^ <^iiXj = L ^ij^j- 
Then {y,---ydY{AttA-AttB) e 

Proof. Let y = y\,. . . ,yd and x = xi , . . . ,Xd. Consider the map of the Koszul complexes K,{y;R) — )• 
K,{x:,R): 

^d (^i'--- M 



... 



R R/{x) 







R" 



R 



R/{y) 







The map induced by A extends to the whole Koszul complex by using exteria powers of A, 
A'A : h'{R'^) A'{R''). Similarly we obtain the map K,{y;R) ^ K,{x;R). Note that we have the 
following diagram: 



j^d {xi,---,Xd) ^ 



A-B 



R 



,d {yu---jd) 







R 



R/iy) 







On the other hand H,{K,{x;R)) is annihilated by (x) and therefore it is also annihilated by (y). 
We will begin defining a homotopy for the map of complexes A' (A) — A'(B) : K,{y;R) — K,{x;R) 

by taking 5o = 0. We compose with K,{y\,. . . ,y^',R) — )• K,{y;R) induced by A* 

\ yd 

Therefore by Lemma 124] we may extend the homotopy to 5i for K,(y^,. . . ,y^;R) — )• K,{x;R). Re- 
peating the process we obtain: 



K,{x;R) : 

{yi-'-ydY^HdstA-delB) 

K,{/''^;R) :0 " 

Hence {yi ■ ■ •y^/)''^' (detA — detB) e (y^ . . . ,y'^). Finally multiplying by {yi ■ ■ -yd) yields 





{yi ■ ■ -ydYidstA - detB) e yi • • -ydiyi, • • • ,3'^) C (y 



d+u 

1 )■ 



a 
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We can now give a quick proof for the map in part (1) from Remark |23] to be well defined. This is due to 
Strooker See HI] 5.1.14-5.1.17]. 



Remark 2.6. Let 7? be a commutative ring with identity, d — dim/? and let x — , . . . ,Xj/ andy = yi,...,yrf 
be sequences of elements such that {y) C (x). Then the map R/ixf"" '^Rl{yf"' induced by multiplication 

B 

by detA is well defined . Moreover, this homomorphism does not depend on the choice of A; if [y) C (x), 
then multiplication by detB induces the same map. 

Proof. Let r € (x)'™. Then there exists a positive integer t such that r -x'f^ ■ ■ -xj,^^ e (xj, . . . ,x'^) (x)W. 
Since (y) C (x) then there exists a positive integer s such that C (x)W. Let D be a matrix such that 
— D(x)['l. Let Ci be the diagonal matrix with entries y*^' and C2 be the diagonal matrix with entries 
x'^^ Notice that we have the following inclusions: 

(y)H^(3,)c(x) 

(y)''' C (x)M C (x) 

LetC=ACi and£^C2Z). Then by CorollaryEKyi • ■ ■ w)"'(detC - det£) € {y)^"'+'l Hence 
detA(yi • ■■y,y-'{yi ■ ■ -y,/)^" -detD(yi • • -y^yixi ■ ■ -x,)'-' e {yt^+s] 

and thus ?-detA(yi • ■■ydY^^iyi ■ ■ ■ydY'' - rdetD(yi • ■■ydy'ixi ■ --Xd)'^^ G (37) . Notice, however that 
rdetD(3;i • ■■ydY'^ixx ■ • -x,/)'-' € detD(3;i • • •3'rf)*''(x)['], since r e (x)'™. Also, 

dsWiy, ■ ■ •y,)^"(x)W c (yi • • •3'^)^-''(yi • • -yd)^'^ c Wl'^^'+^l . 

Thus rdetA(3;i • • •y/)'"Hyi • --ydY'' rdetA(3;i • • •3'^)*''+*"' S Therefore, r G (y)'™ and the map is 

then well defined. 

The fact that the map does not depend on the choice of A follows directly from Corollarv 12.51 this says 
that the difference between the two determinants lies in (y)'™. □ 



Next we define the maps from part (2) and equivalently part (4) from Remark l23l 

Discussion 2.7. Let R he a Noetherian local ring, d = dimR and let x = xi , . . . ,X(/ and y ~ yi, - ■ ■ ,yd be 

sequences of elements such that {y) C (x). We wiU define a homomorphism <I> : Hj^^^{R) — !• H^^^{R) such 
that the following diagram commutes: 



P= detA 



R/{y) 



lim 



<5 



In other words, when we restrict <I> to the natural image of R/{x) in H'^^^{R), the map goes to detA times 
the image of R/ (y) in H'^^^_^{R), i.e., is compatible with the map given in part (1) of Remark l23] To define <I>, 

let u G Hf^. {R). Then u — [— -] for some « and some r £R. Since (y) C (x) there exists a matrix B and a 



positive integer s such that {yY'^ = B(x)["l . We define <I> : H^^-^ (R) — > Hf^^ (R) by <P{u) = [ 



rdetB 

y\---yd 
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Proposition 2.8. Let R be a Noetherian local ring, d = dim/? and let x = xi, . . . ,Xd and y = yi, ■ ■ ■ ,yd be 

sequences of elements such that {y) C (x). Then <I> is a homomorphism from H^^^ (R) — (R), and 



xi---xd yi---yd 

r\ r2 

Proof. We adopt the notation of the above discussion. Suppose that [— -] — [— -], where ri,r2 & R- 

Then there exists a positive integer? such that (ri — r2){xi ■■■Xdf S We may assume that t > n. There 

exists a matrix C and a positive integer / such that (y)!'! = C(x)['+"1. We have the following diagram: 

(y)['lc(x)['+''l''c (x)W, 

where Dj^-j is the diagonal matrix with entries and D^^j is the diagonal matrix with entries y'"*. 

Therefore by Corollary |23] (vi • • •yrf)^'(detB(yi • • -y^)'"' - (xi • • •x^)'detC) e (y)\d^+^\. Multiplying by 
r\ - r2 we obtain (n - r2)detB(yi • • ■yd)'"^'''''' - {ri - r2){yi ■ ■ -ydY'ixi ■ --XdYdetC G Notice that 

since (ri - r2)(xi • • -x^)' G (x)['+"] then (n - r2){yi ■ • •3'^/)'"(xi • • •Xrf)'detC G (yi • • •3'rf)'"(x)['+"l detC. Also 
(x)['+"ldetCc Therefore (n-r2)(yi---3'rf)'"(xi---Xrf)'detCG {yf+'l Hence 

(n-r2)detB(yi...y,,)'"+'- G 
and thus [— -] = [— -]. So <I> is a well defined map. □ 

y\---yd y\---yd 

We are now ready to examine the relation between the statements in Remark l23] We will first assume that 
y form a system of parameters and determine under which conditions the maps are injective. The following 
proposition is proved in [115.1.17]. We include a short proof for the convenience of the reader 

Proposition 2.9. Let R be a Noetherian local ring, d = dimR and let x— x\ , . . . ,xj be a system of parameters. 
Let y = yi,. . . ,yd be a sequence of elements such that (y) C (x). If y forms a system of parameters then the 
mapR/ixf^ W'™ is injective. 

Proof. Let r G such that r-detA G (y)'™. Then there exists a positive integers such that rdetA(yi • • -ydY^^ G 
(y)'*'. Since y is a system of parameters then there exists a matrix B and a positive integer t such that 
(x)M — Hence we have the following inclusions: 

(x)W c C {yj C (x) 
C (x), 

where C is the diagonal matrix with entries yp ' and D is the diagonal matrix with entries x'^ ' . Let E = ACB. 
By Corollary Owe obtain (xi • • • Xd)"' {detE - detD) G (x) I'^'+'l . Hence 

(xi • • •x^)"'detB(yi • • -ydY-' detA - (xj • • •x,)'''(xi • • -x^)'-! G (x)['^+'l 

and thus r{xi ■ ■ ■Xd)"' detB{yi ■ ■ -ydY'^ detA- r{xi ■ ■ ■Xd)''' {xi ■ ■ -Xd)''^ G (x)["'+'l. Again, 

r(xi • • •x,)'^detB(yi • • -ydY'' detA G (xi • • •x,)'^detB(y)M c (xi • • •x,)"'(x)['l C (x)["'+'l . 

Therefore r(xi • • •Xf/)"'(xi • • -x^/)'^' G (x)l'''+'l and thus r G (x)'™. Hence the map is injective. □ 
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Remark 2.10. Let /? be a Noetherian local ring, d — dim/? and let x — x\,... ,Xii and y = yi, . . . he 

sequences of elements such that {y) C (x). Then for any positive integer n there exists a positive integer s 
such that C (i)!"'. Then the map (/?) — ^-^(v)!^) is the same as the map i/|'^^|„| (/?) — > H^^^^^^{R). 

Similarly, we obtain: 

Proposition 2.11. Let R be a Noetherian local ring, d = dimR and let x~ x\,. . . ^x^ be a system of parame- 

ters. Let y — yi, . . . ,yd be a sequence of elements such that {y) C (x). If y forms a system of parameters then 
the map H^^^ (R) — > Hf^^^ {R) defined as in Discussion \2.7\ is injective. 

y \ 

Proof. This follows immediatelv from Proposition l2!9l suppose that <I>([-^; -\ =0. Set m = \— -\. We 

recall how <I> is defined: since (y) C (x) there exists a matrix B and a positive integer s such that (y) 1*1 —B{x) . 

Applying Proposition |2]9] to the two systems of parameters (y)^ C (x)["l yields that ru = 0. 

To see this notice that Hf JR) = Hf (R) = U /?/((x)["l)'™. Let s(n) be the integer that corresponds to 

n as above. Applying Proposition |2]9] and Remark 12.101 to the two systems of parameters C we 
have: 

□ 



3. Positive Characteristic 

In this section we are concerned with the maps (3) and (4) as in Remark l23l Recall that * denotes the 
tight closure. 

Proposition 3.1. Let R be a Noetherian local ring of positive characteristic p, d = dim/? andlet x — x\ ,Xd 

and y — yi, . . . ,yii be sequences of elements such that (y) C (x). Then the map R/ {x}* R/{y)* is well- 
defined. 

Proof. Let z G (x)*. Then there exists an element c ^ R^ such that cz^ € (i)'''' for every q — p" large. Since 

(y) C (x) then (j;)^ C (x)!-?!, where = {alj). Notice that (detA)'' = det(A['5'l). Therefore c(detA)'5'z'' e 
(y) [''1 and thus (detA)z e (y)* . □ 

The following Lemma is well-known in the Noetherian case, by linkage theory. We need it in the context 
of a non-Noetherian ring, however. The proof we give is not the standard one. 

Lemma 3.2. Let R be a commutative ring with identity and let I be an R-ideal. Suppose that y = yi,. . . ,yii 
is a regular sequence and (y) C /. Let — > R" — > ■ ■ ■ — > R — > R/I — > be a free resolution ofR/L We 
further assume that the following diagram has exact rows: 

<- R" <- ■■■ <- R <- R/I ► 




R/iy) 

Then {y) : I ^ (y) + (/), where / = /i , . . . ,/„. 
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Proof. First notice that R need not be Noetherian. To see that (y) + (/) C (y) : /, let / G / and extend the natural 
map R/I R/I given by multiplication by / to a map from the free resolution of R/ 1 to the free resolution 
of /?// as in the diagram below. The composition of the map R / (j) — > R /I with the map R/I R/I is the 
zero map. We begin defining a homotopy by taking 5o — 0: 



R" 



/i 



R" 



R 



iyi---yd) 




R/I 



R/I 



R/{y) 



By Lemma l2r4l we may extend the homotopy to obtain i{fi ^fj) C (yi , . . . ^yd)- 

For the other inclusion let s ^ {y) : I and consider the map R/I — R/{y) given by multiplication by s. 
Extending this map we obtain the following diagram: 



R >- R/iy) 




R R/{y) >- 



for some elements gi,... ,g„ E R. 

On the other hand we consider the map R/{y) — ^ R/{y) given by multiplication by s. Extending this map 
we obtain the following diagram: 



>- R >■ >- R >- R/{y) >■ 

■s -s -s 
► R " ► R >■ R/{y) " 



Combining the two diagrams we can define a homotopy by taking 5o = and by Lemma|23]we can extend 
the homotopy: 
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Proposition 3.3. Let R be an excellent local ring of positive characteristic p, d = AimR, andletx—xi, . . . ,x^ 
be a system of parameters. Lety — y\,... ^y^ be a sequence of elements such that {y) C (x). If y forms a system 
of parameters then the map R/{x)* R/{y)* injective. 

Proof. We can first pass to the completion and thus assume that Ris a complete. By Proposition 13.11 the map 
R/{x)* R/{y)* is well defined and thus (x)* C (y)* : detA. Let r e (y)* : detA. To show that r e {x}* it is 
enough to show that the image of r in R/P is in the tight closure of ((x) for every minimal prime P of 

^ by |i5j Proposition 4. 1]. Thus we may assume that Risa domain. 

Since rdetA S (y)* and (y)* C {y)R'^ then rdetA € {y)R^- In R^ both x and y form a regular sequence. 
Therefore {y)R'^ : detA {x)R'^ since R^ is Cohen-Macaulay or by Lemma [372l Hence r £ {x)R^ OR — (x)*, 
where the equality follows by 1 1 , Theorem 5.1]. □ 

The fact that parameters form a regular sequence in /?+ immediately gives injectivity on local cohomology: 
Proposition 3.4. Let R be a Noetherian local domain of positive characteristic p, d = dim/?, and let x = 
xi,. . . ,Xii be a system of parameters. Let y — yi, . . . ^y^j be a sequence of elements such that (y) C (x). If y 
forms a system of parameters then the map i/^'^j (/?+) — > {R'^) is injective. 

r 1 

Proof. This follows as in Proposition l2.11l suppose that -] — 0. Set u — [— -]. We recall how 

<I> is defined: since [y) c (x) there exists a matrix B and a positive integer s such that (y)^ = B(x)["l. Since 
parameters form a regular sequence in R^, (y)!^' : detZ? = and then it follows that ru = 0. □ 



4. The one dimensional case 

In this section we prove two main results, that the injectivity of either map R / (x) — ^ R/{y)orR/ (x)'™ 
forces y to be a parameter. It is interesting that even this simple case is not obvious. 



Theorem 4.1. Let R be a 1 -dimensional Noetherian local ring. Let x be a parameter and let y — ux. If the 

map R/ (x) R/ {y) is injective then y is a parameter. 

Proof. Suppose that x is a parameter and that the map R/{x) R/ (y) is injective. Since x is a parameter, 
: X has finite length. Consider the following exact sequence: 

— >{0:{x,u)) — >0:x^O:x — > ^' ^ ^ — ^0 . 

m(0 : X) 

: X 

Computing length we obtain that ^(— ttt — r) = A-((0 : (x,m))). Suppose that u is not a parameter. Then 
there exists a minimal prime P such that u P. Hence : {Q : u) C P and in particular dim((0 : u)) > 0, 
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and consequently e{x; (0 : u)) > 0. On the other hand, e(x; (0 : m)) = — \) ~ ^(0 :(0:«) x) > 0. Since 

'(o-u) X = : (x,u) then by the above computations we obtain X( ,^ ' " , ) > M-r r)- 

' x(0 : u) u(0 : x) 

Now since the map is injective we have : m C (x) and thus : m = x(0 : xm). Hence 
0:m x(0 : xm) ; xm m(0:xm) ^ 0;x 



x(0:m) x(0:m) (0 : m) + (0 : x) m(0:x) m(0:x) 

Therefore M-^) > = M^), which is a contradiction. Thus u must be a parameter 

m(0:x) m(0:x) x(0 : m) 

and in conclusion y is also a parameter. □ 
Corollary 4.2. Let R be a 1 -dimensional Noetherian local ring. Let x be a parameter and let y — ux. The 

map R/{x) R/ {y) is injective if and only if the map R/{u) — ^ R/ (j) is injective. 

Proof. Notice that it suffices to show one direction. Suppose that /?/(x) R/{y) is injective. Then by 
Theorem |4.1| M is also a parameter By the proof of Theorem |4.1| we see that by symmetry one has 



0:m x(0 ; xm) : xm m(0:xm) ^ 0:x 



x(0:m) x(0:m) (0:x) + (0:m) m(0:x) m(0:x) 

0:m 0:x m(0:xm) 0:x \ s. 

But smce A,( — - — — A-l — - — r), then — — — ^ ~ — - — 7. Therefore : x C (m), i.e. R (u) — > R/{y) is 
x(0 : m) m(0:x) m(0 : x) m(0:x) 

injective. □ 



The converse of Theorem 14. 1 1 does not hold in general. The following example was shown to us by R. 
Heitmann: 

Example 4.3. LstR = k[x, m]/(((x+m)m)^,x(x+m)^m^), where char^ = 2. Notice that /? is a one-dimensional 
ring where x is a parameter. Let y = x^ be also a parameter. Then one can see that (y) : (x) — {x,u'^), which 
means that the map R/{x) R/{y) is not injective. 

In fact, in Section 6 we will prove in arbitrary dimension that if the maps are injective for all parameters, 
then the ring must be Cohen-Macaulay. 

Theorem 4.4. Let R be a 1 -dimensional Noetherian local ring. Let x be a parameter, and let y — ux. Then y 
is a parameter if and only if the map /?/(x)'™ — ^ R/{y)^™ is injective. 

Proof. First notice that the forward direction follows from Proposition 12.91 So we assume that the map 
/?/(x)'™ R/{y)^™ is injective. Note that (x)'™ ~ (x"+') : x" for all large n, which in turn is equal to 
(x) + (0 : x") for large n. Similarly, (v)'™ = {y) + (0 : y") for large enough n. We can analyze these ideals 
using a primary decomposition of (0). Let Q — q\f^q2f^ ■ ■ ■\^qs\^J , where ,Jqi = pi are distinct minimal 
primes, and V7 = m. We wish to prove that y is a parameter. Assume not. Then y is in at least one 
minimal prime. Let ye pi n . . . n p(, and y ^ pt+i U ...VJps- We see that (x) + (0 : x") — (x) + g'l n g'2 n 
. . . n qs, and {y) + (0 : y") = {y) + qt+ \ C^. . .C^qs■ The assumption on the injectivity of the map then becomes 
that {{y) + qt+i n . . . n ^.s) : m C (x) + ^1 n ^2 n . . . n q'j. Since u is not in pt+\ U . . . U ps, it follows that 
{{y) + qt+\ n . . . (Iqs) : u = (x) + qt+i H . . . H ^.v C (x) + g'l n g'2 H . . . H qs- In particular, qr+i (1 ...Hqs d 
x{qt+i n . . . n ^s) + ^1 n ^2 n . . . n qs, which by Nakayama's lemma shows that f = 0. It follows that y is a 
parameter □ 

Discussion 4.5. It is natural to believe that the one-dimensional case above would at least prove the higher 
dimensional case when the matrix A is a diagonal matrix, i.e., the case in which xi, . .. ,Xd are parameters, and 
yi = UiXj. In this case our assumption would be that the map R/{x) "'— R/(y) is injective. One is tempted 
to break this up into several maps by changing one x; at a time. Although this works for one step, it seems to 
break down even in dimension 2, and gives a good idea of the difficulty in extending to higher dimensions. 
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5. Higher Dimensions 

We would like to extend Theorem 14.41 to higher dimensions. We are able to do so in the case the ring is 
analytically irreducible, as well as the case in which the system of parameters x lies deep inside the maximal 
ideal. 

Proposition 5.1. Let R be an analytically irreducible local ring of equicharacteristic and d = AimR, or 
of mixed characteristic and of dimension at most 3. let x — x\^. . . ^xa be a system of parameters. Let y ~ 

yi,. . . ,yd be a sequence of elements such that iy) C (x). Then y forms a system of parameters if and only if 
the mapR/{xf'^ '^R/{yf'^ is injective. 

Proof. We may assume that /? is a complete domain. The forward direction is already covered in Proposi- 
tion HH 

Suppose that the map R / (x)'"" — > R / (y)'™ is injective. Since x is a system of parameters then (x)'™ ^ R\ 
this is the monomial conjecture of Hochster, which is true in either equicharacteristic (B^) or in dimension at 

most three 13|. As the map /?/(x)'™ is injective then 7^ 0. Also, notice that /?/(.y)'™ 

injects naturally into //^^j [R) and thus i/^'^ j {R) ^ 0. Therefore by Hartshorne-Lictenbaum Vanishing Theorem 

there exists a minimal prime P of R with dim R/P — dim R such that dim {R/{{y) +P)) — 0. Since 7? is a 
domain it follows that dim R/{y) = 0, and thus y is a system of parameters. □ 



If R is not analytically irreducible, then unfortunately we cannot reach the same conclusion. See Exam- 
ple l6.1l in the last section. However, we can say something: 



Tlieorem 5.2. Let m) be a Noetherian local ring, d — dimR, and let x= xi, . . . ,Xii be a system of param- 
eters. Let y — yi,. . . be a sequence of elements such that {y) C (x). There exists an integer I such that 



if (x) C then the map R / (x)'™ R / (y)'™ is injective if and only if the map H^_^^ (R) — > H^^_^ (R) as in 



Discussion \2.7\ is injective. 



Proof. 

By [2 , Lemma 3.12] there exists an integer £ such that if x is system of parameters in R such that (x) C m^^ 
then the map Soc(^/(x)) — > Soc{H^_^^{R)) is surjective. Notice that x is a system of parameters in R if 

and only if x is a system of parameters in R. Also the map H^^^{R) — > H^^^{R) is injective if and only if 
H^^-^{R) — > H^^^^{R) is injective. Therefore without loss of generality we may assume that/? is complete. 

Suppose that (x) C m^. Notice that R/ (x)'™ injects naturally into H^^^{R) and similarly /^/(y)'™ injects 
naturally into H^,^ (R). By Proposition 12 . 8 1 there exists a homomorphism <I> : H^^-^ (R) — > H^'^.j (R) and more- 
over the following diagrams commute: 



lim 



a 



P= detA 
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and 



lim 



R 

(i) 



HfjR) 



y = • detA 



(y) 



lim 



3> 



Notice that if <t> is injective then clearly p is injective. Suppose that the map /^/(y)'™ is 

injective. Suppose that <I> is not injective. Since H'^^^^lR) is an Artinian module then H^^-^{R) is essential 
over Soc{H^_^^{R)) . Hence there exists a nonzero element / e ker(<I>) n Soc{H^^^{R)). By ^ Lemma 3.12] 

the map Soc(/?/ (x)) — => Soc(//|^j(/?)) is surjective. Hence there exists g e Soc{R/ {x)) such that = /• 
But as the second diagram commutes then (j)v(Y(§)) — '^{'^xif)), or in other words (|)-,,((detA)§) = 0. Since 



kercjjy 



then (detA)g e (y) ■ Thus since p is injective then g e (x) or in other words g e ker(|) 



(z) 

and hence / = 0, which is a contradiction. Therefore, <I> is also injective. 



□ 



Theorem 5.3. Let {R,m) be a Noetherian local ring and let d = dim/?. There exists an integer I with 
the following property: whenever x = xi,... ,Xii is a system of parameters with (x) C and y = yi,. . . ^y^ 

a sequence of elements such that (y) C (x), then y fonns a system of parameters if and only if the map 
H'^^s^iR) — > as in Discussion \2. 7\ is injective. 

Proof. As in the proof of Theorem l5.2l we may pass to the completion R and assume that R is complete. 
Let £ be the integer as in (T, Lemma 3.12] such that (x) C and the map Soc(/?/(x)) — > Soc{H'^'^.^{R)) is 
surjective. 

First we assume thaty is a system of parameters. Then by Proposition 12 . 91 the map R/ (x)'™ R/ (y)'™ 
is injective and thus by Theorem l5.2l the map H^^^ {R) — > H^^_^ (R) as in Proposition l2.8l is injective. 

Suppose the map W'^-^{R) — > Wl^^{R) as in Proposition 12.81 is injective. To show that y is a system of 

parameters, it suffices to show that y is a system of parameters in R = R/P for every minimal prime P of 
maximal dimension. Suppose that it is not true. Then there exists a minimal prime prime P of maximal 
dimension such that //^'' ^ (R) = 0, where R = R/P. Let P = . c for some c &R. We have the following short 
exact sequence: 

— ^ R/{0 ■.c)^R^ R/(c) . 

Since Hf^-^ (R) = we obtain the sequence //^'^j (R) H'^^_^ (R) A H^^^^ {R/{c)) — > 0. 

We claim that cH^^^ (R) = 0. Let / e Hf^^ (R). Then 7i:(4>(c/)) = Tlic^if)) = c7i:(<I>(/)). But cH^^,^ [R/c] = 

so c7t(<I>(/)) = 0. On the other hand though both 7t and <I> are injective and hence cf — 0, which shows the 
claim. 

We note now that since cH^^^{R) = it follows that c(//^''_j(/?))^ = 0. But the dual of the top local coho- 
mology is cOr , the canonical module of R. Thus c e annco^, which is a contradiction, since by ||6l Remark 2.2] 
anncOi; = {reR \ dim R/{0 : r) < d}. 

□ 



Corollary 5.4. Let {R,m) be a Noetherian local ring and let d = dim/?. There exists an integer £ with 
the following property: whenever x = xi,...,Xd is a system of parameters with (x) C and y = yi, . . . ,yd 
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A 

a sequence of elements such that {y) C (x), then y forms a system of parameters if and only if the map 
R/ixf^ '^R/iyY^ is injective. 

Proof. Simply combine the last two theorems. □ 



6. Examples, Extensions, and Questions 



In this section we conclude with several examples which show that the hypotheses of several of the theo- 
rems are necessary, consider some extensions of our results and list some open questions. 

The first example shows that the condition that the parameters are in a deep enough power of the maximal 
ideal is necessary in Corollarv l5.4l 

k\a,b,c,d] 

Example 6.1. Let R — — -, where A: is a field. Notice that R is an equidimensional ring. Let xi — 

(a,b) n (c,c/) 

a + c,X2 = b + d andyi —a^,y2^b^. We claim that x = xi,X2 is a system of parameters, (y) — (yi ,y2) C (x), 

the map R / (x)'™ R / (y)'™ is injective and y is not a system of parameters. 

First note that it is straight forward to see that x = xi ,X2 is a system of parameters, (y) — (yi,y2) C (x) 
and y is not a system of parameters. We now claim that (x)'™ = m. Notice that m(xiX2) C (xj 5X2) and thus 
m c"(x)'™. Since (x)'™ ^ R then (x)'™ = m. 

We also claim that (y)'™ = {a^,b^,c,d). Notice that {a^,b^,c,d){a^b^) C {a'^,b'^). On the other hand 
suppose z{a^"b^") C (fl^"+^,/7^"^^). We consider the ring R = R/ {c,d) ~ k[a,b]. Let ~ denote the images in 
R. Thenzc {a^,b^)R. Thus z £ {a'^,b^,c,d) and therefore {a^,b^,c,d) = (y)'™. 

We now consider the map /?/(x)'™ R/ (y)'™, where detA ~ ab. Notice that 1 maps to ab and the map 
is clearly injective. 

The next example deals with the question of whether or not the injectivity of the map in the original 
situation of Dutta and Roberts actually forces the ring to be Cohen-Macaulay. The answer is no, as the first 
example shows, but is yes if one requires injectivity for all systems of parameters. 

Example 6.2. Let R = k[x,z]/ {x^z,z^) be a one-dimensional ring. Theni? is not Cohen-Macaulay. However, 
X and y — x^ are parameters, and x^ :rx = (x). 



Proposition 6.3. Let R be a Noetherian local ring and let d ~ dim/?. Suppose that for every system of 

parameters x — xi,... ^xj and every positive integer t the map R/{x) ' ' — ^ ^/(i)''^ '■^ injective. Then R is 
Cohen-Macaulay. 

Proof. Notice that (x)'™ = (x)['l : (xi • • -x^)'^^ for some f e N. Since x is a system of parameters then so is 
xW. Therefore by assumption the map R/{x) R/ix)^'^ is injective, where now D is the diagonal matrix 
with diagonal entries x'^'. Then (x) = (x)W : detD = (x)['l : (xi • • -Xf/)'^' since the map is injective. Hence 
(x) = (x)'™ and by [7 , Proposition 2.3](see also [,1 L Theorem 5.2.3]) R is then Cohen-Macaulay. □ 

We close with two additional questions which are suggested by the work in this paper 



Question 6.4. Let Rhe a Noetherian local ring. Suppose that u is in some minimal prime P such that the 
dimension of R/P is the same as that of R. Can : u ever be in an ideal generated by a system of parameters? 
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We proved that the answer is 'no' in dimension one, and our calculations strongly suggest the answer is 
always 'no'. A related observation is due to Strooker and Simon [9]: They prove the following: let Rhe a 
Gorenstein local ring and let A = /?// where / in a nonzero ideal in R consisting of zero divisors. Set J = 0:1. 
Then A satisfies the monomial conjecture if and only if the ideal J is not contained in any parameter ideal of 
R. 

Another question was suggested to us by Bernd Ulrich. 

Question 6.5. Our main question can be rephrased to say that [y) : detA = (x) should imply that y are 
parameters. This statement, in the Cohen-Macaulay case, is equivalent to the dual statement that (y) : (x) = 
(jjdetA). What is the relationship between the two in general? 

Note that in the one-dimensional case, Corollarv l4.2l proves the two are equivalent. 
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